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Taekyun Kim 

Abstract. The main purpose of this paper is to investigate several further interesting 
properties of symmetry for the p-adic invariant integrals on Z p . From these symmetry , 
we can derive many interesting recurrence identities for Bernoulli and Euler polynomials. 
Finally we introduce the new concept of symmetry of fermionic p-adic invariant integral 
on Z p . By using this symmetry of fermionic p-adic invariant integral on Z p , we will give 
some relations of symmetry between the power sum polynomials and Euler numbers. 
The relation between the (/-Bernoulli polynomials and (/-Dedekind type sums which 
discussed in [ Y. Simsek, q-Dedekind type sums related to q-zeta function and basic 
L-series, J. Math. Anal. Appl. 318(2006), 333-351] can be also derived by using the 
properties of symmetry of fermionic p-adic integral on Z p . 



§1. Introduction 

Let p be a fixed prime. Throughout this paper Z p , Q p , C, and C p will, respectively, 
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the 
complex number field, and the completion of algebraic closure of Q p . For x G C p , we 
use the notation [x] q = ^ , cf. [1-6]. The Carlitz's ^-Bernoulli numbers @k,q can be 



determined inductively by 

(3 , g = l, q(q[3 + l) k -(lk, 



1 if k = 1 
if k > 1, 



with the usual convention of replacing (3 l by /^(see [2, 3, 24, 25]). 

We say that / is a uniformly diflerentiable function at a point a G Z p and denote 

j( x ) - f(y) 

this property by / G UD(7,p), if the difference quotients Ff(x, y) = have 

x y 

a limit I = f'(a) as (x,y) — > (a, a). For / G UD(Z p ), let us start with the expression 
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T^r E ^fU)= E M*iV + p n Zp), 

q 0<j<p N 0<j<p N 

representing a (/-analogue of Riemann sums for /, cf. [8-14]. The integral of / on 
Z p will be denned as limit (n — > oo) of those sums, when it exists. The (/-deformed 
bosonic p-adic integral of the function / e UD(Z P ) is defined by 



0<x<dp 



(1) W)= f(x)dfi q (x) = lim^-^y- /W, see [8]. 
From(l) we note that 

(2) h(f) = lim I q (f) = I f(x)dx=Km ± E /(*)■ 



p"-l 



In [8], it was shown that the Carlitz's (/-Bernoulli numbers can be represented by 
p-adic (/-integral on Z p as follows: 



x]™d/j, q (x) = (3 m , q , m e Z+. 



Thus we have lim^^i [x]™(i/Zg(x) — x n dx — 5 n , where B n are the n-th ordinary 
Bernoulli numbers. In the recent the p-adic invariant integral on Z p are studied by 
several researchers in the area of number theory and mathematical physics (see [1-25]). 
In [23], by using q-Volkenborn integral (=p-adic invariant integral on Z p ), Y. Simsek 
constructed new generating functions of the new twisted (h,q)-Bernoulli polynomials 
and numbers. By applying the Mellin transformation to these generating functions, he 
also obtain integral representations of the new twisted (h,q)-zeta function and twisted 
(h,q)-L-function, which interpolate the twisted (h,q)-Bernoulli numbers and general- 
ized twisted (h,q)-Bernoulli numbers at non-positive integers, respectively. The main 
purpose of this paper is to investigate several further interesting properties of sym- 
metry for the p-adic invariant integrals on Z p . From these symmetry , we can derive 
many interesting recurrence identities for Bernoulli and Euler polynomials. Finally 
we introduce the new concept of symmetry of fermionic p-adic invariant integral on 
Z p . By using this symmetry of fermionic p-adic invariant integral on Z p , we will give 
some relations of symmetry between the power sum polynomials and Euler numbers. 
The relation between the (/-Bernoulli polynomials and g-Dedekind type sums which 
discussed in [25] can be also derived by using the properties of symmetry of fermionic 
p-adic integral on Z p 



§2. Symmetry p-adic invariant integral on Z 
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(3) 



In this section we assume that q E C p with |1 — q\ p < 1. By (2), we easily see that 

df(x) 



[ f(x + l)dx= [ f(x)dx + f'(0), where /'(0) 
Jz p Jz p dx 

Let a be an integer. From (3) we derive 
(4) / e atx dx = J2 B ° ' 



\x=0- 



n! 

n=0 



where B n are the n-th ordinary Bernoulli numbers. Let B n (x) be the n-th Bernoulli 
polynomials. Then we have 

(5) £^W=/ e^^dy = f; / (ay + s)^. 

By (4) and (5), we see that 

E B^fJ - (± %A (t «'<) = £ (t (») Bt< ,V-) £. 

n=0 \n=0 / \fc=0 / n=0 \fc=0 v 7 / 



Thus, we have 

n /„\ 

\n — k 

From the iterative method, we derive 

n-l 



t— n \ / 



(6) / f(x + n)dx= ( f(x)dx + ^2f'(i), where n G N and f'(i) = - 
By (6), we have 

/ \ n-l oo /n-l \ fe 

(7) ^-/•tE^EE'" ■ 

V^p "^p / i=0 fc=0 \i=0 / 

It is easy to show that 

~\ ( r r \ n f c x ^dx 

(8) - I e {n+x)t dx- / r"d.r 



t \Jzp Jz p J Jz p e nxt dx 

For each integer k > 0, let Sk(n) = k + l k + ■ ■ - + n k . It is known that Sk(n) is called 
the sums of powers of consecutive integers. From (7) and (8), we note that 



1 / r , r \ n L e xt dx °° 



fc 
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In (9), we note that 

(10) / (n + x) k dx- [ x k dx = fc5 fc _i(n- 1), k E N . 
The Eq.(10) is equivalent to the following Eq.(ll). 

(11) (B k (n)-B k ) = Sk _^ n _ = y lk -i^ here n}ken . 



k 

1=0 



Let w\ , W2 G N. Then we easily see that 

Iz p k p e^ +w ^ t dx 1 dx 2 t{e w lW2 t _ 1} 



(12) 



f z e WlW2Xt dx (e Wlt - l)(e W2t - 1) ' 

Now we also consider the following double p-adic invariant integral on Z p as follows: 

I _ k p Iz p e^ +w ^ +w ^ t dx 1 dx 2 teWlW2Xt{eWlW2 t _ 1} 

' e W 1 W 2 X 3 t ( l X3 ( eWl t _ l)( e 1tf 2 * - 1) ' 

From (7) and(8) we note that 

1=0 \ k=0 / 1=0 

In (13) it is easy to show that 

/ 1 r , s \ fw\L e W2X2t dx- 
(15) 1=1— e w ^ Xl+W2x)t dx 1 — 

From (5), (14) and (15), we can derive the following (16). 

1 \i=0 / \l=0 

oo / n \ 



n=0 \i=0 
oo / n 



n=0 \i=0 



r>\ \ i n 

it- \ „ , , „ , -* ^ i— 1 .n— i > 6 



/ / • //! 
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By the symmetry of p-adic invariant integral on Z p , we also see that 



-/ 



v 2 J z e w ^ Xlt dx x 

(17) =^(g^)T)(g^ 2 -i)^ 

oo / n , x 

l„..n— i 



n=0 \i=0 ^ ' 



111 



By comparing the coefficients on the both sides of (16) and (17), we obtain the 
following theorem and corollary: 

Theorem 1. For all wi,w 2 G N, we have 



— / e w ^ Xl+W2X ^d Xl — - 

( J_ f e W2{x2+Wlx)t dx 2 
\ w 2 h p 



'w 2 J z e WlXlt d Xl 
J z e w ^ W2Xt dx 



Corollary 2. For n > 0, we have 



i=0 ^ ' i=0 ^ ' 

where (") is £/ie binomial coefficients. 

If we take w 2 = 1 in Corollary 2, then we have 

B n («;ix) = ^r'W^W^^K - 1). 

i=0 

Thus, we can derive the formula of Deeba- Rodriguez as follows ( see [26, 27]): 

1 n_1 / \ 
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By (5), (7) and (8), we see that 

,w lW2 xt r \ ( w x L e W2X2t dx 2 

1 / e WlXlt dxi — 

Wl J Zp ) \ f Zv &>™*dx 



P 

Wl—1 

W2.it 



(18) 



Wl Jz 



i i / . Wn .\ , 



mi-l .. oo /w 1 -l \ 

Wl U K V U Wl J nl 

On the other hand, we obtain the following equation by the symmetry of p-adic 

invariant integral on Z p as follows: 

(18-1) 

( Wl w 2 xt r \ ( w 2 L e WlXlt dx 1 
/ e M dx 2 — - 

— [ e W2X2t dx 2 ) ( Y e (wix+ ^ l)w2t 

W 2 Jz„ 



i=0 

W2 — 1 OO / W2 — 1 



= — E / e (x2+wix + ^ )tW2 dx 2 = e E b^x + ^w-- 1 V 

Therefore we obtain the following symmetry for the p-adic invariant integral on Z p 
as follows: 



(x2+wix+^i)tw2 j 



Theorem 3. For wi,w 2 G N, we have 

1 Wi-l „ 1 w 2 -i r 

— y / e {xi+w2x+ ^ i)twi d Xl = —y 

1 i=Q J& P z i=0 J& P 

By (18) and (18-1), we obtain the following corollary: 
Corollary 4. For n > 0, we have 

Wi—l W2—1 

E ^N + ^W" 1 = E ^Kx + ^K" 1 . 

Remark. Setting w 2 = 1 in Corollary 4, we get the multiplication theorem for the 
Bernoulli polynomials as follows (see [26, 27]): 

W\ — 1 

B n ( Wl x) = < _1 E B ™( x + —)■ 

i=0 1 
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§3. Symmetry fermionic p-adic invariant integral on 7L V 

In this section we assume that p is a fixed odd prime number. For / e UD(7i p ), 
the fermionic p-adic g-integral is defined as 

p n -i 



(19) /_,(/) = I f{x)dn- q {x) = lim -1±« £ /(*)(-?)*, see([10 ] ). 

iv— >oo I + nf * — ' 

Now we consider the fermionic p-adic invariant integral on Z p as 

(20) /_!(/) = lim /_,(/)= / /(x)d^i_i(x). 

From (20) we can derive the equation of fermionic p-adic invariant integral on Z p as 
follows: 

(21) / f(x+l)d f i- 1 (x) = - [ f(x)d f i_ 1 (x) + 2f(0). 

From (21), we also note that 
(22) 



n-l 



I /( x + n)^_ 1 (x) + (-l)"- 1 I f(x)dfi-i(x) = 2 ^( — l) n_1 ~'/(0i for ri G N . 
If we take n(= odd) G N in (22), then we have 

» » n— 1 

(23) / f(x + n)d f i- 1 (x)+ f(x)d f i- 1 (x) = 2j2(-l) l f(l)- 



1=0 

By using (23), we obtain the following equation: 

n-l 



(24) 



/ e (a:+n)t d//_i(x)+ / e x *^_!(x) =2^(-l)'e zt . 
«/Zp z=o 



Let Tk(n) = ^[Lo( — l)^ fc - Then Tfc(n) is called by the the alternating sums of powers 
consecutive integers. From the definition of the fermionic p-adic invariant integral on 



Z p , it is not difficult to show that 



(26) I e<i+ " ),d "- iW + 1 e " d «-^ - 

In (25), we note that 

/ e^_ 1 (x) = -^— . 

7z„ e + 1 



Let u>i,u>2(£ N) be odd. By using double fermionic p-adic invariant integral on Z p , 
we have the the following: 

f f e^+^du. 1 (x 1 )du. l (x 2 ) 2{eWlW2 t + 1} 



k p e WlU,2X *(i^_i(x) ~ (e Wlt + l)(e™ 2 * + 1) ' 

Now, we also consider the following fermionic p-adic invariant integral on Z p associ- 
ated with Euler polynomials. 

/ z e u, i«'a !B *d//_i(x) (e Ml * + l)(e W2 * + 1) ' 

From (24) and (25), we note that 

By (26) and (27) we see that 



(1 /" , \ \ I 1 h e au-i(: 
- / e Wl ^ 1+W3a! ) t d^_i(xi) -f^ 7 

i / 00 i \ / 00 

(28) =2 E^Ml'l 2^T ; K-1) 

oo / n / x 

= E E ( n I^K^T^K - 



n=0 \i=0 



z / In 



where E n {x) are the n-th ordinary Euler polynomials. 
On the other hand, 

w\t l 



(29) 4t £lM 7 f h^r^-iA 

\i=0 / \ /=0 

oo / n , x 

= E E (" Wt^aOZWu* - !) w 2< 



n=0 \i=0 



n! 



By comparing the coefficients on both sides of (28) and (29), we obtain the following 
theorem. 
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Theorem 5. Let wi,W2(& N) be odd and let n > 0. Then we have 



4— n \ / i— n \ / 



i=0 x 7 i=0 

where E n (x) are the n-th ordinary Euler polynomials. 
Remark. Setting x = in Theorem 5 we obtain 



E i T n _ i (w 1 - 1K<" 1 = J2 ( n )E l T n _ l (w 2 - 1)«4<-*, 

i=0 ^ ' i=0 ^ ' 



where E n are the n-th ordinary Euler numbers. If we take W2 = 1 in Theorem 5, then 
we have 

(30) E n ( Wl x) = J2 ("^EiWTn-iiw! - l)w\. 

Setting x = in (30) we obtain the following corollary. 
Corollary 6. Let w\(e N) be odd and let tiGN. Then we have 

E n = (j-L-) Q^t_k - ik, 



From (27), we note that 



? 2 J Zp * 11 ) I J. • t*°™*dp- x {x) 



w lW2 xt r \ (2 L e W2a:2t du_i(x2)' 



w-[ — 1 



2 

(31) 



/ e^'d/x-itxi) I (2 V(-l)'e 



wi-l „ 
l—n 



1=0 

oo / Wi — 1 



= E(<E(- 1 )^(^+!!o)^ 
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n=0 \ Z=0 



On the other hand, 



w lW2 xt (■ \ / 2 L e WlXlt du-i(x-i 



(32) 



/ z e WlU,2:Bt d/x_i(a;) 



U>2 — 1 



-1- /» 

^ (-1)' / e^+^+^^d/x-ifo) 
00 / W2-1 \ , n 

=£ <x;(-i)^»(^+-o V 



By comparing the coefficients on the both sides of (31) and (32), we obtain the 
following theorem. 

Theorem 7. Let w\, w 2 (E N) be odd and let n>0. Then we have 

W\— 1 W2—1 

< V (-l)'£ n (ti*s + ^0 = V (-l) l E n (w lX + ^0- 



Setting W2 = 1 in Theorem 7, we get the multiplication theorem for the Euler 
polynomials as follows: 



E n ( W1X ) = < y; (-i)^n(x + — ). 
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